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1. INTRODUCTION 

Quantum information theory has potential implications for the conceptual foundations of quantum mechanics and forms the 

basis of cryptography and modern communication technologies. It is employed to study the concepts quantum computation, 

quantum communication and density functional theory. The probability distribution in position as well as in momentum 

space is measured in terms of information theoretic concepts. These concepts have been recently studied for different 

quantum mechanical systems [1-8]. The Shannon information entropy of the single particle distribution is 

                                                                          (1) 

                                                                           (2) 

in position space and momentum space respectively. Here )(r  and  )( p  are the probability densities in position space 

and corresponding momentum space. The different properties of the information theory in various fields, e.g. nuclear physics, 

mathematical physics, chemical physics, information theory, statistical physics, mathematics and other areas of physics [9-

12] have been analyzed in recent times. 

The isospectral Hamiltonian approach is used to obtain the isospectral wave functions and study the various properties of 

information densities. For isospectral Hamiltonians, the energy eigenvalue spectrum and scattering matrix are exactly same, 

but the eigenfunctions and the quantities dependent on the eigenfunctions are different [13-14]. In this approach, we delete a 

bound state of the given potential and re-introduce it. Mathematically, to obtain the solution, a first order differential equation 

is solved, which admits a deformation parameter. Thus, a set of one-dimensional family of potentials can be constructed 

which have the exactly same energy spectrum as that of original potential. In general, for any one dimensional potential with 

n bound states, one can construct an n-parameter family of strictly isospectral potentials, i.e. potentials with eigenvalues, 

reflection and transmission coefficients identical to those for original potential. This approach has been used in different 

physical systems from various fields [15-16]. In this paper, position space information density for ground and excited states 

has been studied for the three-dimensional Hydrogen atom. Using supersymmetric quantum mechanics techniques, the 

isospectral potential and corresponding eigenfunctions have been constructed. These have been used to calculate the 

information density of isospectral potential. The contribution of the angular and radial part of the potential towards the 

information density has been exactly analyzed for different states in position space as well as momentum space. The 

concluding remarks are presented in the last section.  

 

2. ISOSPECTRAL HAMILTONIAN APPROACH  
The relation between the bound state wave functions and the potential is utilized in solving exactly for the spectrum of one-

dimensional potential problems. The supersymmetric partner potentials )(1 xV  and )(2 xV  are related through superpotential 
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 The one-parameter family of potentials ),(ˆ
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 The normalized ground state wave function corresponding to the above potential reads  
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 where )1,0(  . The excited state eigenfunctions for the potential ),(ˆ
1 xV  are given by,  
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 Using the similar procedure, the two-parameter ground state wave function can be obtained as  
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 The equations (4), (5) and (6) represent the one-parameter family of isospectral potentials and wave functions, which shall be 

used to calculate the information density. Further, the system can also be studied using two parameters using equation (7).  

 

3. INFORMATION DENSITY OF ISOSPECTRAL HYDROGEN POTENTIAL 

The information density measures the compactness of the quantum mechanical system in the form of amount of information. 

The three-dimensional Hydrogen atom is an interesting problem in quantum mechanics which is widely used to study the 

different systems in various fields. The ground and excited state eigenfunctions of the potential are [17], 

                                                                                                                     (8)                           

                                          Ylm(θ, φ)   

        Ylm(θ,φ)                                                                           (9)               

 Using the isospectral Hamiltonian approach, the ground state wave function of the isospectral potential is calculated as 

                                                                                                (10)                                          

Using the formalism explained above, the excited state isospectral wave function for odd values of n has been obtained after 

some lengthy but straightforward calculations as 

  (11)                                                             

Similarly, for even values of n, we obtain 

   (12) 

The information density in position space for the ground state is obtained as 

  

For the excited states, the information density reads, 
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where t1=  

The information density in position space has been calculated for different states of the isospectral three-dimensional 

hydrogen potential and their features are graphically analyzed. The figures 1 and 2 explain the properties of information 

density in terms of deformation parameter for different levels of the isospectral potential.  

 

  
(a)                   (b) 

     
(c)                                (d) 

     
(e)                                                                                        (f) 

Figure 1:  The information density in position space for isospectral three-dimensional Hydrogen potential describing radial 

and angular parts with 𝛂 =1, l=0 and (a) n=2,  =20, (b) n=2, , (c) n=2,   =0.1, (d) n=2,  =0.05, (e) n=2,  =0.045, 

(f) n=2, . 
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(a)                           (b) 

    
(c)                            (d) 

    
(e)                             (f) 

Figure 2:  The information density in position space for isospectral three-dimensional Hydrogen potential describing radial 

and angular parts with 𝛂 =1, l=0 and (a) n=3,   =10, (b) n=3,  =0.125, (c) n=5  =20, (d) n=5, , (e) n=7,   =1.0, (f) 

n=7,  =0.1. 

 

The position space information of the three-dimensional hydrogen potential have asymmetric shape which depends on the 

values of different quantum numbers. The radial and angular contribution of the isospectral potentials have been graphically 

demonstrated characterizing the specific properties. The different properties have been observed for small values of the 

deformation parameter, but for large values of the deformation parameter, the information density approaches the 

undeformed value. 

 

4. CONCLUSION 

In this work, we have investigated information theoretic concepts in position space for isospectral hydrogen atom in three 

dimensions as a function of deformation parameter. The isospectral eigenfunctions have been obtained in position space 

using isospectral Hamiltonian approach. The radial and angular contribution of the information density and their properties in 

position space are graphically analyzed for the potential. It is clear that the number of minimas and their depth depends on 

different quantum numbers.  
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